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Abstract. We consider Fourier transforms of densities supported on 
curves in R''. We obtain sharp lower and close to sharp upper bounds 
for the decay rates of |[At(-R-)lli:,<!{S''-i)i sts R ~* oo. 



1. Introduction and Statement of Results 

In this paper we investigate the relation between the geometry of a curve 
r in W^, d > 2, and the spherical L'^ average decay of the Fourier transform 
of a smooth density fi compactly supported on F. 

Let r be a smooth (C°°) immersed curve in with parametrization 
t — > j{t) defined on a compact interval / and let x £ be supported in 
the interior of I. Let fi = fiy^^^ be defined by 

(1-1) (/^,/) = / f{7{t))x{t)dt 

and define by 'fl{^) = J ex.p{—i{^,^{t)))xit)dt its Fourier transform. For a 
large parameter R we are interested in the behavior of Ji{RLo) as a function 
on the unit sphere, in particular in the L"^ norms 

(1.2) G,iR) = GgiR-n,x} ■■= ( J \n{R^WcL,y^' 

where du! is the rotation invariant measure on S'^~^ induced by Lebesgue 
measure in W^. The rate of decay depends on the number of linearly inde- 
pendent derivatives of the parametrization of F. Indeed if one assumes that 
for every t the derivatives 7'(t), 7"(t), 7'-°'^^) are linearly independent 
then from the standard van der Corput's lemma (see ^OJ page 334]) one gets 
Goo{R) = max^^ \fl{Ruj)\ = 0{R~^^'^). If one merely assumes that at most 
d — 1 derivatives are linearly independent then one cannot in general expect 
a decay of Goo{R)', one simply considers curves which lie in a hyperplane. 
However Marshall showed that one gets an optimal estimate for the 
average decay, namely 

(1.3) G2{R) = 0{R-^'^) 
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as i? ^ oo, for every compactly supported curve 7. 

We are interested in estimates for the L"? average decay, for 2 < q < 00. 
If 7 is a straight Une such extensions fail, and additional conditions are 
necessary. Our first result addresses the case of nonvanishing curvature. 

Theorem 1.1. Suppose that for all t £ I the vectors 7'(t) and "f"{t) are 
linearly independent. Then for R>2 



(1.4) G,{R) < 



'i?-V2(iog^)i/2-i/g if2<q<4 
i?-2/g(iogi?)Vg if 4.<q< 00. 



(a) Suppose that there is N 'N so that for every uj £ S'^ ^ the function 
s I— > {uj,j"{s)) changes sign at most N times on I. Then 

(1.5) GgiR)<R-^/^ if2<q<A 



and 



(1.6) G,{R)<R-^/'^ tfA<q<^. 

Here and elsewhere the notation a < b means a < Cb for a suitable 
nonnegative constant C. 

The estimate Gi{R) = 0{R~^ /'^\[og R\^ / ^) is sharp even for nondegen- 
erate curves, cf. Theorem 11.1^1 below. The estimate (|1.5|) is sharp and it is 
open whether for g 7^ 4 there exists an example for which the logarithmic 
term in (|1.4j) is necessary. 

The estimate (jl.6j) is sharp in the case where the curve lies in a two dimen- 
sional subspace. Under stronger nondegeneracy assumptions this estimate 
can be improved. In particular one is interested in the case of nondegener- 
ate curves in M"^, meaning that for all t the vectors ^^^\t), j = 1, . . . ,d, are 
linearly independent. In the case d = 2 we have of course the optimal bound 
Gq{R) = 0(i?~^/^) for all g < 00, by the well known stationary phase bound 
(for results for general curves in and hypersurfaces in higher dimensions 
see (Hj and references contained therein). The situation is more complicated 
for nondegenerate curves in higher dimensions, and Marshall jEl proved 
(essentially) optimal results for nondegenerate curves in M"^ if d = 3 and 
d = 4. 

We show that one gets close to optimal results for nondegenerate curves 
in all dimensions. Our method is different from the explicit computations in 
Marshall's paper and relies on a variable coefficient analogue of the Fourier 
restriction theorem due to Fefferman and Stein in two dimensions, see |llj . 
and due to Drury [9^ for curves in higher dimensions. The variable coefficient 
analogues are due to Carleson and Sjolin (2! (see also Hormander J3]) in 
two dimensions and to Bak and Lee (Hj in higher dimensions. 
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To formulate our result let, for 1 < g < oo, 
(1.7) 



min{fc=2,...,d} I + ''\kq ^ 



for K = d, 



mm^k=2,...,K}{l + ^^,f}, iov2<K<d. 

7(^)(t) are 



Theorem 1.2. Suppose that for all t E I the vectors j'{t), 
linearly independent. Then for R>2 

(1.8) Gg{R) < C^R"", a < aK{q). 

For integers A; > 1 set 

(1-9) Qk ■■= 2 

so that qi = 2, q2 = 4, = 7, q4 = 11. Observe that the set of points 
{q~^, <7^{q)), g > 2, is the broken line joining the points 

,11,12, A k , ,1 d- 1, 1 , 
(-,-),(-,-),...,(-,-),..., ( , ), (0, -), 

qi qi q2 q2 qu qk qd-i qd-i d 

while for K < d, the set of points {q~^, cr'^{q)) is the concave broken line 
joining the points 

,11, ,12, ,1k, , I K , , , 
-, - , -, -, — , 0, . 

qi qi q2 q2 qk qk qx qx 

Furthermore observe that o"^(g) >2/qii3<K<d, and q > 4. The picture 
shows the graph {1/q, a^{q)} as a function of 1/g, for K = 10. 
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The graph {l/g,aig(g)}. 
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We emphasize that the graph of af^ is slightly different for d > K, as then 
the left line segment connects {q^ ^Kq~^) to (0,0). 

Theorem 11.21 is sharp up only to endpoints, at least for nondegenerate 
curves (for which 7'(t),..., ^^'^\t) are linearly independent), and also for 
some other cases where K < d, 7'(t),..., j^^\t) are independent and 7 lies 
in a K dimensional affine subspace. We note that for the case K = d = 4: 
Marshall [121 obtained the sharp bound Gq{R) < fi^'^IC?) when A < q < 7 
and q > 7; moreover Gq{R) < i^-'^tC?) log^/i(R) when q = 4 or q = 7 (the 
logarithmic term for the bound seems to have been overlooked in jl5j). 

We now state lower bounds for the average decay. The cutoff function x 
is as in (and Gq{R) depends on x)- 

Theorem 1.3. Suppose that 2 < K < d and, for some Iq G /, the vectors 
7'(to), "y^^\to) are linearly independent. Then for suitable x G there 
are c> 0, Rq > 1 so that the following lower bounds hold for R > Rq. 
(i) If2<K <d-l then 

(1.10) Gq{R)>cR-''^^'^\ 2<q<qK] 
moreover 

(1.11) Gq{R) > cfl-^-(^) logl/'?(i?), qe{qk:k = 2,...,K -1}. 
(a) If K = d then 

(1.12) Gq{R) > cR~''-''^''\ 2<q<oo, 

(1.13) Gq{R)>cR~^^'-''hog^/''{R), qG{qk:k = 2,...,d-l}. 
(Hi) If 2 < K < d — 1 and, in addition, 7^^+^) = then 

(1.14) Gq{R)>cR-''^^'i\ 2<q<oo, 

(1.15) Gq{R)>cR--^^'^hog^/'^{R), qe{qk:k = 2,...,K}. 

Remark: A careful examination of the proof yields some uniformity in the 
lower bound. Assume that 7*--'^(to) = ^j, (the jth unit vector), j = 1, . . . , K , 
and ||7||c^+3(/) ^ Gi. Then there is h = h{Gi) > so that for every smooth 
X supported in {—h,h) with Re x{t) > ci > in {—h/2, h/2) there exists 
an Rq depending only on ci, Ci, ||x'l|oo and ||x"l|oo so that the above lower 
bounds hold for R> Rq. We shall not pursue this point in detail. 

Addendum: After the first version of this paper had been submitted we 
learned about the work of Arkhipov, Chubarikov and Karatsuba who 
proved sharp estimates for the L'^iM.'^) norms of the Fourier transform of 
smooth densities on certain polynomial curves. We are grateful to Jong- 
Guk Bak who pointed out these references to us. The work of these authors 
shows that for, say 7(t) = Ylt=i^'^^k, t S [0,1] the Fourier transform da 
belongs to L^(M'^) if and only if q > qj, = {d"^ + d + 2)/2. This result seems 
to have been overlooked until recently; it rules out an L'^d endpoint bound 
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for the Fourier restriction problem associated to curves, cf. a discussion in 
|16j and a remark in 0). More can be said in two dimensions where the 
endpoint restricted weak type (4/3) inequahty for the Fourier restriction 
operator is known to fail by a Kakeya set argument, see II]. We note that 
the lower bound in chapter 2 of |2] is closely related to (|1.12|) and the method 
in |2j actually can be used to yield (|1.12|) for the curve (t, t"') in the range 
q > Qd-i'i vice versa one notices ad{qd) = d/qd and integrates the lower 
bound for R'^~^Gq{R) in R to obtain lower bounds for ||do"||j;^q(]Rd). 

A variant of an argument in can be shown to close the e gap between 
upper and lower bounds in some cases. We formulate one such result. 

Theorem 1.4. Suppose that 7 is smooth and is either of finite type, or 
polynomial. 

Assume that 7'(t), . . . ,'J^^\t) are linearly independent, for every t ^ I. 
Then the following holds: 

(i) IfK = d then 

(1.16) G,(i?) < q>2, qi{qk:k = 2,...,d-l}, 

and 

(1.17) Gg(i2)<i?-'^'*(5)logi/5(i?), qe{qk:k = 2,...,d-l}. 

(ii) If2<K<d-l then 

(1.18) Gg(i?) < C.i?-'^^-^^), q>2, q(^{qk:k = 2,...,K}. 
and 

(1.19) GgiR)<R-'''^<'^hog'/'i{R), qG{qk:k = 2,...,K}. 

It is understood that the implicit constants in (|1.16j) and (|1.18|) depend 
on q as q ^ qk- Note that in the finite type case (|1.18|) and (|1.19j) can 
be improved for q > qx since we have some nontrivial decay for Goo(-R)- 
However, for the sharpness in the most degenerate case compare Theorem 
11.31 part (iii). 

Remark: The result of Theorem II. 41 for polynomial curves, could be used to 
obtain the upper bounds of Theorem 11.21 which involves a loss of R^, by a 
polynomial approximation argument. Note however, that such an argument 
requires upper bounds for derivatives of 7 up to order C + e~^, as e — > 0. 
An examination of the proof of Theorem 11.21 shows that one can get away 
with upper bounds for the derivatives up to order where A^ depends on 
the dimension but not on e. 

Structure of the paper. In ^ we prove the estimates (|1.5|) and (|1.6|) which 
involve the assumption of (a;,7"(s)) not changing sign. Here we also discuss 
an application to some mixed norm inequalities for rotated measures. In ^ 
we prove Theorem II. 21 and (|1.4j) . In ^we give the proof of Theorem II. 41 In 
^we revisit some known asymptotic expansion with precise quantifications 
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which are convenient for the proof of the lower bounds. The proof of the 
lower bounds of Theorem II. .SI is given in ^ 



2. Upper bounds, I. 

We shall now prove part (ii) of Theorem ll.il (i.e. (jl.5|) . (^Hl)) under the 
less restrictive smoothness condition 7 E C'^{I); we recall the assumptions 
that 'y'{t) and 'y"{t) are linearly independent and that we also require that 
the functions s {uj, 7"(s)) have at most a bounded number of sign changes 
on /. Note that this hypothesis is certainly satisfied if 7 is a polynomial, or 
a trigonometric polynomial, or smooth and of finite type. 

We need a result on oscillatory integrals which is a consequence of the 
standard van der Corput Lemma; it is also related to a more sophisticated 
statement on oscillatory integrals with polynomial phases in |18j . 

Let be a C°° function with support in (—1,1) so that r]{s) = 1 in 
(—1/2,1/2); we also assume that r/' has only finitely many sign changes. 
Let r]i{s) = r/(s) — r]{2s) (so that 1/4 < |s| < 1 on suppr/i) and let 

so that 2~'~^ < \s\ < 2~''~^^ on the support of rji. 

Lemma 2.1. Let I be a compact interval and let x S C^{I). Let cj) G C^(/) 
and suppose that (j)" changes signs at most N times in I. 
Then, /or 1 < 2' < A, 



Jm{<t>'{s))e^^^^-'h{s)di 



< CN2^\-^. 



Proof. We may decompose / into subintervals Jj, 1 < i < K , K < 2N + 2, 
so that both (p' and (p" do not change sign in each Jj. Each interval Jj can be 
further decomposed into a bounded number of intervals Jj^^ so that rj' {(j)') 
is of constant sign in Jj^^. It suffices to estimate the integral Tj over Jj fc. 
By the standard van der Corput Lemma, the bound Xj^fc = 0(2'/A) follows 
if we can show that 

\ds{m{(l>\s))x{s))\ds<c 



which immediately follows from 



(2.1) 



2'<P"{s)r,[{2'<P'{s)) 



ds < C. 



But by our assumption on the signs of (/>', 0", and ij' the left hand side is 
equal to 



2'0"(s)?7i(2V'(s))ds 



dsUW {s))]ds 



< C. 



□ 
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Proof of (|1.5|) and We may assume that T is parametrized by arc- 

length and that the support of x is smah (of diameter <^ 1). Determine the 
integer M{R) by 2*^ <R< 2*^+^ With rji as above define for Z < M 



and for I = M define qr^m similarly by replacing the cutoff rji{{uj,'y' (s))) 
with ?7(2*^(u;,7'(s))). We can decompose 



KM 



and observe that g^ i = if / < —C. 
It follows from Lemma l2. II that 

(2.2) sup \gR,iiu;)\<2'/R 



We also claim that 



(2.3) ( / \gR^iiu;)\^doj^ 



1/2 ^ (2^R-^ if 2' < 



~ |2-'(1 + log(22'i?-i))i/2 if 2' > i?i/2. 
Given (|^ and we deduce that 



I II ^11 l|2/9 II i|i-2/g 



(2.4) 



< 



'2^R~^ if2'<i?i/2, 

2^1-4/'?) (1 + log(22'i?-l))l/'?i?-l+2/g if 2' > i?l/2. 



If g 7^ 4 the asserted bound 0{R ^Z*^) bound follows by summing in I. 

We now turn to the proof of (|2.H|) . Note that (|2.l-{|) follows immediately 
from ([T2|) if 2^ < i?^/^. Now let 2' > Yoi the estimate in this range 

we shall just use the nonvanishing curvature assumption on T. We need to 
estimate the L?' norm of qr^i over a small coordinate patch V on the sphere 
where we use a regular parametrization y w(y), y G [—1, 1]°'""'^; i.e. 



(2.5) 



u{y)gR,i{uj{y))gR,i{i^{y))dy 



<2-2'(i + iog(22'i?-i)), 



where u € C^, so that u;(y) G V if y G supp(n). The left hand side of 1)2. 5(1 
can be written as 



i,s2 Jy 



^(y)gii?(..{j/),7(si)-7(«2)>^(s^)^(s2) 

^r]{2\uj{y),i{si)))'n{2\uj{y),i{s2)))dydsids^ 



and we note that on the support of the amplitude we get that ^'{si) is almost 
perpendicular to w, i.e. we may assume by the assumption of small supports 
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that there is a dh'ection w = {wi, . . . , Wd-i) so that 

d-l 

\^w,dy^{uj{y),^'{s))\ > 1/2 

u=l 

if s G supp(x) and y £ supp(u). By a rotation in parameter space we may 
assume that 

(2.6) \dy^{uj{y),j'{s))\> 1/2 ifsGsupp(x), y G supp(u). 
Now let for fixed unit vectors vi, V2 and 5 > 

Us{vi,V2) = {u;eS''-^ : \{u;,v^)\ < 6,\{lo,V2)\ < 5} 

and observe that the spherical measure of this region is at most 0{6); more- 
over this bound can be improved if \vi — V2\ is > 6. Namely if a{vi,V2) is 
the acute angle between vi and V2 then 

r 5^ 

(2.7) meas{Us{vi,V2)) < mm <^ 6, r 

[ sma{vi,V2) 

The condition ()2.6() implies that 

\{dy^uj{y),-f{si) -j{s2))\ > c\si - S2I 

and given the regularity of the amplitude we can gain by a multiple integra- 
tion by parts in yi provided that |si — S2I > 2'/i?; indeed we gain a factor 
of 0{R~^\si — S2|~^2') with each integration by parts. We obtain, for any 



(2.8) Ij < 



siesupp(x) 



/ meas (^^2-'(7'(si),7'(s2))) 

J \s2—si\<c 



X min{l, {R\si - S2|2"')~^} ds 



By the assumption that |7"(s)| is bounded below and 7' and 7" are or- 
thogonal we get as a consequence of 1)2. 7() 

meas {K2~i{l'isi),-f'{s2))) < min{2-', 2-2'|si - 521"^- 

Now we use this bound and integrate out the S2 integral in (|2.8|) and see that 
the main contribution comes from the region where 2~' < |si — S2I < 2'/i? 
which yields the factor log(i?2"^') in □ 

An application. We consider a curve 7 : [—a, a] with nonvanish- 

ing curvature and assume that, as in H1.5|l . the function s 1-^ (cj,7"(s)) has 
a bounded number of sign changes. 

Let /i be the measure induced by the Lebesgue measure on F, multiplied by 
a smooth cutoff function. For every a £ SO (d) define /io- by fia (E) = /i (aE) 
and for every test function / in 

Tf {x,a) = f*fi^ (x). 
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We are interested in the LP{R'^) L''(50((i), L«(M°')) mapping properties, 
in particular for q = p' = p/{p — !)• This question had been investigated in 
|19j for curves in the plane, with essentially sharp results in this case, see 
also (Hj. The standard example, namely testing T on characteristic functions 
of balls of small radius yields the necessary condition \ + [d — l)/q > d/p. 
Setting q =p' we see that the LP{R'^) L%SO{d), Lp' {R'^)) fails for p < 
{2d — l)/d (independent of s). 

The approach in ^3] together with the inequality (|1.5() yields 



2d-l 



S < 



Ad-2 



(2-9) ll^/llL'=(50(d),Lp'(Rd)) ^ CpWfWp, p 

Proof of (|2.9|) . We imbed T in an analytic family of operators. After rota- 
tion and reparametrization (modfying the cutoff function) we may assume 
that 7(t) = YljZX fj{t)ej+ted, with (/?j(0) = 0. Let z G C such that Rez > 
and define a distribution by (i^, x) = (r(z))^-'^ /o^°° X (^) t^~^dt. Then de- 
fine /.^ by = (0 Il.ti e,)) and by T'f{x,a) = * /. 

Following [1 
have 



one observes that ^^^^^ is a bounded function, namely we 



„ „ d—l 

/ / \g{xded + ^{yj + (t}i{xd)ej)\dyi---dyd-idxd<\\g\\i 



SO that 
(2.10) 

We also have 
(2.11) 



T 



L°°(50(d) X 



1 



) ^ (50(d), l2(M'^)), 2<g<4. 

The implicit constants in both inequalities are at most exponential in A. 
Thus we obtain the assertion ()2.9() by analytic interpolation of operators. 

To see ()2.11() we observe that ^^(t) = 0{\t\~^^^^'^) and apply Plancherel's 
theorem and then Minkowski's integral inequality to bound for a > 



T 



Li{L^) 



SO{d) 



d-1 

d-1 



jRrf ^Jso{d) I 



_ o \9/2 \2/g 



2/q 



and by (|1.5|1 and the assumption q < A the last expression is dominated by 
a constant times 



\rAO\'daY'd^< 



SO{d) 

2)-i, this yields the bound ([TTT|) . 



1/(611^1 



2Q!(d-l)-l 



For a = (2d 



de 



□ 
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Remark. We do not know whether the index s = ™ (EIHl) is sharp. 

The fohowing example only shows that we need s ^ 10 for d = 3. Let 
7 (t) = (t,t^,0) and let XBs be a box centered at the origin with sides 
parallel to the axes and having sidelengths 1, 1 and 5. A computation shows 
that \Txbs{x, c)| ^ c for fj in a set of measure e"^ and x in a set of measure 
e, for some small e > 0. It follows that < 2s~^ + q~^. For p = 5/3 and 
thus p' = 5/2 this yields s < 10. 

3. Upper bounds, II 

We are now concerned with the proof of Theorem ll.2l and the proof of part 
(i) of Theorem II. 11 For the latter we use a version of the Carleson-Sjolin 
theorem (jjj, ^Hl)) and for Theorem 11.21 we use a recent generalization due 
to Bak and Lee j3|- These we now recall. 

Consider, for large positive R, 

TRf{x)= [ e^«<^(^'*)a(x, t) f (t) dt 

with real valued phase function cj) G C°°(M" x M), and compactly supported 
amplitude a G C^(M"' x M). Assume the non- vanishing torsion condition 

(3.1) det {dt (V,0) , (V,0) , . . . , (V,0)) / 

on the support of a. Then if +n(n + l)(2g)~^ = 1 and q > (n^ + n + 2) /2 
there is a constant Cq independent of / and of i? > 2 such that 

(3.2) \\TRf\\L.iK-)<CqR-'''/^f\\Lr>i^y 

When n = 2 it is well known that a slight modification of Hormander's proof 
(|13j) of the Carleson-Sjolin theorem gives the endpoint result 

(3.3) \\TRf\ |^4(Kn) < R^'^' log'/^ ^ I I/I Il4(r) ; 

see also where a somewhat harder vector- valued analogue is proved. 

In order to establish estimates (|1.4|) we need to show that under the 
assumption of linear independence of j'{t) and j"{t) (for each t £ I) that 

(3.4) G4R)<R-'^'[logR]'/\ 

To establish (|1.8|) under the assumption that the first K derivatives are 
linearly independent for every t £ I we need to show that for any 2 < k < K 



(3.5) Gq{R)<R-'/'', q>q,, 

where q^ is as in H1.9() . All other estimates in H1.4() . 1)1. 8|) follow by the 
usual convexity property of the LP norm (i.e. ||-F||p < ||^||p(7''||-^||pi for 



p-i = (1 - i})pq ^ + i^p^ 
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Proof of (jSISl) and (IS21). Let 
(3.6) Fr{lo) = I e^<-'^W>a(^)x(t)dt. 



By compactness, we can suppose that x is supported in {—e,e), with e as 
small as we need. Divide the sphere S'^~^ into two subsets A and B; here in 
A, the unit normal to the sphere is essentially orthogonal to the span of the 
vectors 7'(0), . . . , 7'^^''(0), and in B, the unit normal to the sphere is close to 

the span of 7'(0), . . . , 7^(0)- 

Now consider a coordinate patch V of diameter e on ^ and parametrize 
it by y 1-^ u>{y) with y E M'^"^, y near Yq. From the defining property of A, it 
follows that the vectors Vy{uj{-),'y^^\t)), j = 1, . . . ,k are linearly indepen- 
dent when evaluated at y near Yq, provided that |t| < e. Therefore we can 
choose the parameterization y = {x',y") = {xi, . . . , Xk,yk+i, ■ ■ ■ ,yd-i) in 
such a way that also the vectors 'Vx'{uj{-),^^^\t)), j = 1,. . . ,k are linearly 
independent. If we consider y" as a parameter and we define 

<py"{x', t) = {co{x',y"),j{t)), 

then the phase functions (p^" satisfy condition uniformly in y" . We also 
have upper bounds for the higher derivatives in uj and 7 which are uniform 
in y" as well (here y" is taken from a relevant compact set). Thus one can 
apply the Bak-Lee result 1)3. 2() in k dimensions to obtain, for fixed y", 

(3.7) ( I \l^e^^^^'''^y'^'^aiu;iy',y''))xm\'dy'y^' < R-'/^, q > Qk- 

An integration in y" yields ||FR||L9(y) < R~^^'^ for q > {k"^ + k + 2)/2. 
Similarly if A; = 2 and g = 4 we can apply 1)3. 3|) in two variables to ob- 
tain ||i^j?||_L4(y) < R^^^'^ log^^^ R. This settles the main estimate for the 
L'^{A) norm. As for contribution of the L'^{B) norm we recall that the 
unit normal to the sphere is close to the span of 7'(0), . . . ,7('^)(0), and thus 
Yl^j=i\{'^il^^\'^))\ > 0- Therefore we can apply van der Corput's lemma 
and obtain the L°° estimate 

(3.8) lli^RllL-(B) <^"'/' 

For k = 2, this completes the proof of the theorem. For 2 < k < K, we 
argue by induction. We assume that the asserted estimate holds for A; — 1, 
{k >3); that is 

(3.9) IIF^II, < R-C^-^yi for q > q^-i = 

where the implicit constants depend on q. If = 1 — qk^i/qu then we use 
the relation q^ — qk-i = k to verify that (1 — ^k){k — l)/qk-i +'&k/k = k/qk- 
Thus by a convexity argument we see that a combination of (|3.8|) and 1)3. 9(1 
yields that 

WFrWlHB) < R-'^', for q > = qu. 
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Together with the corresponding bound for ||i^ij||L9(A) proved above, this 
concludes the proof. □ 

4. Upper bounds, III 

We give the proof of Theorem 11.41 under the finite type assumption. By 
compactness, there is an integer L > d and a constant c > so that for 
every s G I and every 9 G S'^~^ we have 'Yl,n=i Kt^'^H'^))^)! ^ c. 

We shaU argue by induction on k. By Theorem 11.21 the conclusion holds 
for k = 2. Assume k > 2, and that the desired inequalities are already proved 
for 2 < g < Qk-i. 

Let Fr be as in and assume that the cutoff function x is supported 
in (— e,e). As in the proof of Theorem 11.21 we split the sphere into subsets 
A and B where in A, the unit normal to the sphere is almost perpendicular 
to the span of the vectors 7'(t),... j-j^'^^t), for all |t| < e and in B, the 
projections of the unit normals to the sphere to the span of 7'(t), . . . ,7^'^^(t) 
have length > c > 0. 

We shall estimate the L'^{A n 0,) norm of Fji on a small patch 17 on 
the sphere, and by further localization we may assume by the finite type 
assumption that there is an n < L so that 

(4.1) Kt^"^^),^)! >c>0,\s\ <e,9en. 

We distinguish between the case n > k and n < k. First we assume n > k 
(the main case). Then there is the pointwise bound 

(4.2) Fni9)<mm{l,Hni9)r'} 
where 

Hr{9) =min max R^/^\{j^^\s),9)\^/^ . 

This is immediate from van der Corput's lemma; indeed the finite type 
assumption allows the decomposition of the interval [— e, e] into a bounded 
number of subintervals so that on each subinterval all derivatives of s i-^ 
(j^^^s) , 9) , 1 < j < n — 1 are monotone and one-signed. We now have to 
estimate the L'i{A n Q) norm of the right hand side of 1)4.2(1 . 
For an Z > consider the set 

(4.3) QiiR) = {9 en: Hr{9) e [2\ 2'+^)}. 

By (gU we have \Hr{9)\ > ii^/". Thus only the values with 

(4.4) 2' > fli/" 

are relevant (and likewise the set of G 17 for which Hr{9) ^ 1 is empty if 
R is large). 

By the definition of Hr we can find a point s^: = s*(^) and an integer 
1 < j* < n, so that Hr{9) = \R{j^^*\s^),9)\^/^* and \R{-f^^\s^),9)\^/^ < 
Hr(9) for all ^ € 17 and all j < n. This implies 

(4.5) \{j^^\s.),9)\<2('+'^^R-\ if9eni{R), j < n. 
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We shall now apply a nice idea of ilj We divide our interval (— e,e) 
into 0(2') intervals I^^i of length ~ 2~', with right endpoints t^, so that 

— t,y-i « 2~'. The point s^, lies in one of these intervals, say in 1,^^. We 
estimate \ {'j^-'\ti^ ),9)\^^^ in terms of Hr(0). By a Taylor expansion we get 
(4.6) 

^-^ r (n — 7 

T-=o ^ 

where t is between and t^,, . By (|4.5j) the terms in the sum are all 
0{2^m~^). The remainder term is 0(2-'("-j)) which is also 0{2^m-^), 
by the condition ()4.4() . Now define 

= G : |(7^^'^(t.),^>| < C^2'^i?-\ j = 1, • • • ,n} 

and if C is sufficiently large then the set Vti[R) is contained in the union of 
the sets ^y^i] the constant C can be chosen independently of / and R. 

In view of the linear independence of the vectors j^^\ti,), j = 1, . . . ,k 
and the condition 6 ^ A, the measure of the set is 0{Y[g^i{2^^ R~^)) = 
Q^2^k{k+i)/2 j^-k-^ ^ for every 1 < < 2', and thus the measure of the set 
ni{R) is 0(2'('='+'=+2)/2^-fc), On QiiR) we have \FR{e)\ < HR{e)-^ < 
Therefore 

(4.7) / \FR{e)\'ide< 2-'«2'('='+'=+2)/2i?-fc, 

which yields the endpoint bound 

( [ \FR{e)\'"'d9y^''" < i^-^/'"=(logi?)'/''^ 

^ jQnA ' 
Of course we also get (by using the same argument with just k—\ derivatives) 

(4.8) / \FR{e)\'idQ< 2"''?2'('='-^-+2)/2e1-'= 

which yields the sharp L'?*=^i(An ft) bound. Now we consider q satisfying 
Qk-i < q < Qk, k < d oic qd-i < q < 00 and K = d. We distinguish the cases 
(i) 2' < R^/^ and (ii) 2' > R^/^. In the first case we use (|4.7j) while in the 
second case we use (|4.8j) . Then in the case k < d 

1/9 



[J^\FRidWde 



which is bounded by CR ('"'^ 2)/2A:<? ^^ ^^^ < q < q,^. If K = k = d 
then only values with 2' > i?^/"^ are relevant and only the second sum 
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in the last displayed line occurs. Thus if K = d we obtain the estimate 

Now if n < /c one gets even better bounds; we use the induction hypoth- 
esis. First note that for n = 1,2 integration by parts, or van der Corput's 
lemma, yields a better bound; therefore assume n > 3. We have the bounds 
WFRho^iU) < and \\FR\\L.^^n) < (log i?) i/-?" ; the first one by 

van der Corput's lemma and the second one by the induction hypothesis. By 
convexity this yields ||-FR||L''fe ^ R~°'^^'"^ log R^^'^'' where a{k,n) = n/qk + 
(1 — qn/qk)/'n and one checks that a{k,n) = k/qk + {k — n){k+l — n)/{2nqk) 
if n < k, so that one gets a better estimate. The case qk-i < q < qk, n < k 
is handled in the same way. This yields the desired bounds for the L'^{A) 
norm of Fji. 

For the L'^{B) bound we may use van der Corput's estimate with < k 
derivatives to get an L°° bound 0{R~^^^); we interpolate this with the 
appropriate bound for qk-2 < P < Qk-i which holds by the induction 
hypothesis; the argument is similar to that in the proof of Theorem 11.21 
This finishes the argument under the finite type assumption. 

Modification for polynomial curves: If the coordinate functions 7j are poly- 
nomials of degree < L we need to take n = L in the definition of Hfi{6). 
We use, for the case / > 0, the analogue of the Taylor expansion (|4.(i|) up to 
order L with zero remainder term (again n = L). As above we obtain for 
/ > the bound 

! \FR{e)\He < 2-'m-'' min{2'('='+^+2)/2^ 2l(k^-k+2)/2j^^ 
JfliiR) 

Summing in / > works as before. However we also have a contribution 
from the set ^lo{R) = {0 £ Q : Hr{9) < 1}. By the polynomial assumption 
a Taylor expansion (now about the point s#, without remainder) is used to 
show that ^lo{R) is contained in the subset of A where \{'~f^-^Hs^,),9)\ < CR~^, 
j = 1, . . . ,k. This set has measure 0{R~^). Thus the desired bound for / = 
follows as well. □ 



5. ASYMPTOTICS FOR OSCILLATORY INTEGRALS REVISITED 

We examine the behavior of some known asymptotics for oscillatory inte- 
grals under small perturbations. This will be used in the subsequent section 
to prove the lower bounds of Theorem 11.31 

For = 2, 3, . . . , there is the following formula for A > 0: 

/oo 
-oo 

where 

(5.2) a, = |^^(^)^^"(T)> fcodd, 

lfr(i)exp(i4), /eeven. 
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(|5.1j) is proved by standard contour integration arguments and implies 
asymptotic expansions for integrals f e*'^'^ x{s)ds with x £ (see e.g. 
§VIII.1.3 in [201, or §7.7 in [Hj). 

We need small perturbations of such results. In what follows we set 

Ibllc^C/) := maxo<j<mSup^gj \9^^Kx)\. 

Lemma 5.1. LetO <h<l, I = [-h, h], I* = [-2h, 2h] and let g e C^{r). 
Suppose that 

" - 10(1 + IWc.,,.,) 

and let rj £ be supported in I and satisfy the bounds 

(5.4) Iklloo + llVlli < ^0, and \\r]' Woo < Ai. 
Let k > 2 and define 

k-2 

(5.5) Ix{r],x)= r]{s)exp{iXC^XjS^ + s^ + g{s)s^^^))ds 

i=i 

Let Ok be as in (|5.2j) . Suppose \xj\ < 5\^'-'~^'^/^ , j = 1, . . . ,k — 2. Then there 
is an absolute constant C so that, for A > 2, 

\Ixiv, x) - 7?(0)afcA-i/^| < C[Ao6\-'/^ + AiX-^/''{l + (3k log A)]; 

here (32 = 1, and (3k = ^ for k > 2. 

Proof We set u{s) := s(l + sg{s))^^^; then 

u'{s) = (1 + s9(s))"'+'/''(l + sgis) + k'h) 

and by our assumption on g we quickly verify that (9/10)^/'^ < u'(s) < 
(11/10)^/*^ for —h < s < h. Thus u defines a valid change of variable, with 
u{0) = and u'{0) = 1. Denoting the inverse by s{u) we get 

„ k-2 

Ix{r],x) = / r]i{u) exp (^iX(y^^Xjs{uy + u^))du 

i=i 

with r/i(n) = r]{s{u))s' {u). Clearly r]i is supported in {—2h, 2h). We observe 
that 

(5.6) ||f/i||oo + ||r?ll|i <^o, and ||7?;||oo < (^o/i^^ +^i)- 

Indeed implicit differentiation and use of the assumption (|5.3)) reveals that 
|s"(?x)| < (1 + ll^lloo) ^ h^^. Taking into account the support properties of 
rji we obtain (|5.6jl . 

In order to estimate certain error terms we shall introduce dyadic decom- 
positions. Let xo £ C'o°(l^) so that 



(5.7) xois) 



1, if |s| < 1/4, 
0, if |s| > 1/2, 
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and m > 1, define 

(5.8) Xm(s) = Xo(2-™s)-xo(2-'"+^s), m > 1. 

We now split 

Ixirj,x) = Vi{0)Jx + Yl ^^."^ + Yl 
where Jx is defined in (|5.1() and 

k-2 

Fx,M = / ??i(n)(exp(a(^x,s(^^)-')) " l) Xm(A^/^)e^^"'dn. 

In view of (|5.1|) the main term in our asymptotics is contributed by 
?7i(0)Ja since r?i(0) = ?7(0). 

Now we estimate the terms Ex,m- It is immediate that from an estimate 
using the support of the amphtude that 

\Ex,o\<CH\\ooX''/'. 
For m > 1 we integrate by parts once to get 

and straightforward estimation gives 



l-E'A.ml < C 

Thus 



l^llloc: 

\vi\ 



^2rn{l-k)^-l/k^ if 2™ > A^/'^. 



J^|i^A,n^| < C(||r?i|UA-2/*^(l + /?fclogA). 
m 

We now show that 

(5.9) Y I^A,m(2;)| < C[||7?i|U + \W\\l]SX-'^'' 

and notice that only terms with 2™'A~^/'^ < C occur in the sum. 

Set Cx,x{u) = ( exp(iA(^^~^ Xjs(n)-')) — l). For the term Exfl{x) we 
simply use the straightforward bound on the support of Xo(A^^'^-) which is 
(in view of |s(n)| ^ \u\) 

k-2 

|Ca,x(«)| <CA^|x,||A-^'/fc| 

and since \xj\ < 5X~^^~^^/^ we get after integrating in u 

|FA,o|<||r?i||oo5A-i/'. 
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For m > we integrate by parts once and write 

-I 

On the support of Xm(A^/'^-), 

k-2 



(5.10) F,,^ = ik-'\-' I ±[n^-\^{xy>^n)m{uKxA^))]e'^^" 



|^[7xi-'=X™(A^/M]|<A2-™^ 



and also 

k~2 

i=i 

|«'-'x™(A^/^)l <2-'"('-^)A('=-l)/^ 
and thus we obtain the bound 

|-K-'=Xrn(A^/^)CA,..(n)r?i(^x))] |dn < [||r?i|U + ||r?i||i]<^2--A('=-^)/^ 
Hence, 

m>0 

which completes the proof of (|5.9|) . □ 

For the logarithmic lower bounds of Gi{R) we shall need some asymptotics 
for modifications of Airy functions. Recall that for t G M the Airy function 
is defined by the oscillatory integral 

1 3 
Ai{T) = — / exp(i(^ + Tx))dx 

and that for t — > oo we have 

(5.11) Ai{-t) = 7r-^/2t-i/4 cos(|t3/2 - f )(1 + 0(t-3/4)). 

This statement can be derived using the method of stationary phase (com- 
bining expansions about the two critical points itt^/'^) or complex analysis 
arguments, c/. ^0] or p. 330, see also an argument in [T^ . 

Let g G C^([-l,l]), and let e > be small, e <C (1 + llffUcO"^- Let 
rj G Cq° with support in (— e,e), so that r/(s) = 1 for |s| < e/2. 

Lemma 5.2. Define 

(5.12) J{K^)= j e'^^T-^'^e'^3{s)s^ri{s)ds 

Then, for < < and A > 

J(A, i)) = \-^/'^Ai{-X^/'^^) + Ei{\, i9) 

(5.13) = 7r-i/2A-i/2^"i/4 cos (|At?3/2 _ |) + i^2(A, ^) 
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where, for i = 1,2 

(5.14) mX,^)\ < C4A-1i9-i +min{A#/2^i?i/2|] 

Proof. We split 

4 43 

1=1 j=i 

where 

Ciis) = l, C2(s) = (r/(s)-l), 

(3(5) = i]{s){e'^3{s)s^ - l)r]{C-^^-^/^s), 

(4(5) = i^{s){e'^9{s)s^ - 1)(1 - r?(C-ii?-i/2s)). 

where C > e~^. By a scaHng we see that 

Ji(A,^?) = A-i/3^i(-A2/3^9) 
and we prove upper bounds for the error terms Jj, i = 2, 3, 4. Let 

then <I>'(s) = — "i^ + s^ and in the support of C2 we have > ce. Thus by 

an integration by parts J2(A, i?) = 0(A^^). Note that Cs is bounded and that 
also |C3('5)| ^ Al"!?!^. We integrate over the support of (3 which is of length 
0{V^ and obtain J3(A,t?) = 0{mm{^^/^ , X'&^/^}). To estimate J4(A,t?) we 
argue by van der Corput's Lemma, for the phases $ and its perturbation 
^{s) := ^>(s) + s^g{s). Thus we split 

J4(A,^?) = J] J^J4,m,±(A,t?) 

m ± 

where we have set 

A-,±(A,^) = y e'^'''-'^pmMs)ds- J e'^^^'^pm,±{s)ds; 

here Pm.+ l'S) = X{o,oo)r]{s){l - r]{C-^i^-^/'^s))xm{C~'^'d~'^^'^s), Xm is as in 
(PH) and 2™t91/2 < e (in view of the condition on rj). Let /Jm,- is analogously 
defined, with support on (— oo,0). 

We argue as in the proof of Lemma l5.ll Note that now |<I''(s)| ~ 2^™-!?, 
dsig{s)s^) = 0(23'"#/2) gij^j^g 2'^t91/2 < e we also have |^''(s)| ^ 22™??. 
Moreover observe ^"{s) = 2s + 0{s'^) so that van der Corput's lemma can be 
applied can be applied to the two integrals defining J4 m ±i^, "&)■ We obtain 

J4,m,±(A,1?) = 0(A-ll?-l2-2™). 

Finally, by (tOTT) and KU^ . the difference of Ei and E2 is ©(A^^i?-!). 
This concludes the proof. □ 
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6. Lower bounds 
For G M'^ (usually restricted to the unit sphere), define 

(6.1) Fn{w) = I x(t)e*^<^W'"'>dt. 

The following result establishes inequality ()1.1U|) of Theorem 11.31 

Proposition 6.1. Suppose that for some to G I the vectors 7'(to); 
T^'^H^o) ti'^e linearly independent. Then x £ Co° 'ii^ (|l.lj) can be chosen 
so that, for sufficiently large R, 

1 _ k^-k-2 

(6.2) 11^^11^,(5^-1) > CR k 2k, . 

Proof. We may assume to = 0. By a scaling and rotation we may assume 
that 7(^^(0) = Cfc. We shah then show the lower bound |Fr(w)| > cqR^^^'' 
for a neighborhood of which is of measure ~ R^^'' -fc-2)/2fc_ jnJow let 
Ak be an invertible linear transformation which maps Ck to itself, and for 
j = 1, . . . ,k — 1 maps 7''-'^(0) to ej, j = l,...,k. Then the map uj 
(^^)~^Lj/|(A|.)^^u;| defines a diffeomorphism from a spherical neighborhood 
of Cfc to a spherical neighborhood of e^- Thus we may assume for what 
follows that 7 : [—1,1] — > M°' satisfies 

(6.3) ^U){0) = ej, j = l,...,k. 

We may also assume that the cutoff function x is supported in a small open 
interval (— e,e) so that x(0) = 1- 

As we have {ck , "J^^^^^O)) = and (efc,7^(0)) = 1 we can use the implicit 
function theorem to find a neighborhood Wk of and an interval = 
{—£k,£k) containing so that for all w £ Wfc the equation {w , ^^''~^\t)) = 
has a unique solution tk{w) G X^. This solution is also homogeneous of 
degree 0, i.e. tk{sw) = tk{w) for s near 1), and we have tk[ek) = 0. 

Lemma 6.2. There is eq > 0, Rq > 1, and c > so that for all positive 
£ < Eq and all R > Rq the following holds. Let 

Uk,e{R) = {c^ G S'^-^ : |w-efe| <£ 

and |(u;,7(^')(tfe(u;)))| < sR^^-^^^ for j = 1, . . . ,k - 2.} 

Then the spherical measure of U^.s^R) is at least ce R 2k . 
Proof. In a neighborhood of we parametrize the sphere by 



'^(y) = (yi, ■ ■ ■,yk-i, \/i - \y\'^,yk, ■ ■ • ,yd-i). 

We introduce new coordinates zi, . . . , z^-i setting 

'(u;(y),7(^-)(tfc(u;(y)))), j = l,...,k-2, 
yj, j = k-l,...,d-l. 



(6.4) Zj=ij{y) 
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Then it is easy to see that 3 defines a diffeomorphism between small neigh- 
borhoods of the origin in M*^"^; indeed the derivative at the origin is the 
identity map. 

The spherical measure of Uk,e{R) is comparable to the measure of the set 
of z G W^~^ satisfying \zj\ < eR^^~^'^/^ , for j = 1, . . . , /c — 2, and \zj\ < e for 

r\—^ 

K — l<j<d — 1, and this set has measure ~ e R 2k . □ 



We now verify that for sufficiently small e and sufficiently large R 

(6.5) \FR{io)\ > coi^-^/^ Lo G UkAR), 

with some positive constant cq; by Lemma 16.21 this of course implies the 
bound 1)6. 2p . To see (|6.5() we set 

(6.6) ajiu;) = {u;,j(^\tk{u;))), 
s = t — tk{ijj) and expand 

(6.7) (a;,7(t)) -((j,7(tfc(w))) =X]«j(^)4 + ''*=('^)|t+^^(^'^)^'"^^' 

with £k{ijj,s) = J^^Q ^^-^^^{LO,j^''~^^\tk{uj) + as)) da. If e is sufficiently 
small then we can apply Lemma 15.11 with oj G Uk^R), and the choice 
A = R{uj, -i^^^(tk{uj)))/k\, and the lower bound follows. □ 

We now formulate bounds for q > {}P'+k+2) /2 for the case that 7('=+i) = 
for some k < d; this of course implies that the curve lies in a fe-dimensional 
affine subspace. 

Proposition 6.3. Suppose that ^ is a polynomial curve with 7*^^+^) = 
and suppose that for some to E I the vectors 7' (to); l^^Hto) ^.f^ linearly 
independent. Then x in can he chosen so that for sufficiently large R 



(6.8) > C 



'i?-^/9[logi?]i/<?, q = ii+^^ 
R-'^/l, q > f^^. 



Proof. We first note that the assumption 7('^'+^) = implies that the curve 
is polynomial and for any fixed to it stays in the affine subspace through 
7(to) which is generated by 7^''^(to), j = 1,. . . ,k. We shall prove a lower 
bound for /I in a neighborhood of a vector e G S'^~^ where e is orthogonal 
to the vectors 7^-'^(to). After a rotation we may assume that 

7(t) = (7i(t),...,7fc(t),0,...,0). 

For u G S'^~^, we split accordingly uj = {u!',u)") with small G M'^, namely 

\u;'\ ^ 2-' 

where 1 <^ R2^^ <^ R. As before, we solve the first degree the equation 
{'y^''~^'> {t) , u) = (observe that this is actually independent of uj") with 
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t = tk{u)'); now tfc is homogeneous of degree as a function on M^. Then 

xiU^') + s)exp (^(..,7(^-)(4(u;'))>f^ + {u:n^''\U^')))i)ds 
i=i 

If /c > 3, let Vk^i{R) be the subset of the unit sphere in which consists of 
those 6 G S^~^ which satisfy the conditions 

\{-l'^'\tk{e)),9)\<e{R2-')'^, 1^ = 1,..., k-2. 

Observe that the spherical measure of Vk^i{R) (as a subset of is 
(^^2-')-('^^'-fc-2)/(2fc)^ by Lemma lO Now, if /c = 2, define 

U2,i{R) := {uj = {u;',uj") G 5^^-^ : \u} - egj < 6,2-^ < \uj'\ < 2-^+^}. 
If 3 < < d let 

Uk,i{R) := {l^ G S-^-i : - e,,+i| < 6,2-' < \uj'\ < 2-'+\ ^ G 14-,/(i?)}. 

We need a lower bound for the spherical measure (on S"^-^) of Uk,i{R) and 
using polar coordinates in M'^ we see that it is at least 

ce'^~^2-'^{R2-'y'^^^ . 

If £ is small we obtain a lower bound c{R2-')-'^/^ on this set; this follows 
from Lemma l5 . 1 1 with A ~ R2~K Thus 



/ \FR{uj)\'ida{u) > Ce{R2-')-'i/^2-'^{R2- 
Jut , (R) 



-/^|-(fe2-fc-2)/(2A:) 

'Uk,i{R) 

= c^Il~<]/k-(k'^~k-2)/{2k)2l{<l/k-{k^+k+2)/(2k)) 

As the sets Uk,i(R) are disjoint in I we may now sum in / for CR^^ < 2~' < c 
for a large C and a small c. Then we obtain that Jj^^ ^^^^ |Fij(u;)|'?(i(T(a;) 
is bounded below by ci?-9/fe-('='-fc-2)/(2fcg)^ if ^ < (^2 ^ ^ ^ 2)/2; this yields 
the bound that was already proved in Proposition 16. II If g > (/c^ + k + 2)/2 
then we get the lower bound ci?^'^ and for the exponent q = {k"^ + k + 2)/2 
we obtain the lower bound cR^^logR. This yields (jb.Hp . □ 

Proposition 6.4. Suppose that 3 < k < d and that for some to £ I the 
vectors Y{to), ^^^\to) are linearly independent. Then x G C'o" in 
can he chosen so that for sufficiently large R 

(6.9) ||Fi?||L.(5<*-i) > Ci^-('=-l)/^[logi^]l/^ ifq = qk-i = 

Proof. We start with the same reductions as in the proof of ProDosition l6.11 
namely we may assume to = and 7'^-''*(0) = Cj for j = 1, . . . , /c; we shall 
then derive lower bounds for Fr{uj) for u near e^. As before denote by tk{uj) 
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the solution t of {'j^'^^^^t) , uj) = 0, for uj near Ck- We may use the expansion 
(|6.7j) . Define the polynomial approximation 

-Pa:(s,w) = -Pfe (s) = Z^aj{uj)— + ak{uj) — . 
i=i 

Note that afe(w) is near 1 if a; is near e^. In what follows we shall only 
consider those to with 

afc-2(w) < 0. 

In our analysis we need to distinguish between the cases A; = 3 and A; > 3. 

The case k = 3. 
We let for small 6 

We wish to use the asymptotics of Lemma 15.21 with the parameters 

03(0;) 

and A = Ra^{uj)/2 {th R) to derive a lower bound on a portion of Un^j 
whenever A"^/^ < -diuj) < A"'^/^^; i.e. 

(6.10) < 2^ < 5A^/33 

where 6 is small (but independent of large A). 

The range 1)6. 1U() is chosen so that the error terms in ()5.14|) (with A ~ i?) 
are <C R~^^'^'d~^^'^ if 6 is small; indeed the term X^^t)^^ is controlled by 
in view of the first inequality in 1)6.10(1 and the term At?^/^ 
is bounded by C6^^^^X~^^'^'d~^^^ because of the second restriction. Since the 
main term in (|5.13|1 can be written as 

(2/7r)i/2i?-i/2a3(,^)-i/2^(^;)-i/4 cos{^Ra3{ujMuj f^ - f) 

it dominates the error terms in the range (|6.10|1 . provided that we stay 
away from the zeroes of the cosine term. To achieve the necessary further 
localization we let, for positive integers n, 

URj,n = G UR^j : \\Ra3{uj)^{ujf''' - | - < f }. 

Let j be in the range (|6.1U|) . We use — a^/^| (y^ + Vh)\h — a\ for 
< 6, a <C 1. Since ^{u)) can be used as one of the coordinates on the unit 
sphere we see that the spherical measure oiURj^n is > (52i?-2/32-i/2 for the 
about 2^^/'^ values of n for which n ^ 2^^^'^, and on those disjoint sets Urj^ji 
the value of Fr{uj) is > cR-^^^2-^/'^. 
This implies that, for j as in ()6.1()|1 . 

meas({tj G Urj : \Fr{uj)\ > csR~^/^2-^/^}) > c^2^i?-2/3, 

and thus 

/ \FR{u;)\Ua{u)>R-'. 
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Since the sets Un^j are disjoint we may sum in j over the range and 
obtain the lower bound ||i^_R||4 ^ R^^^'^ilogRY^^ (with an impUcit constant 
depending on 5) . 

The case k > 3. We try to fohow in spirit the proof of the case for A; = 3. 
Notice that 

"^^(s) = ak-2{uj) + ak{u:)s^/2 
has then two real roots, one of them being 



\ ak(uj) 

the other one S2 = — si- The idea is now to use, for suitable to, an asymptotic 
expansion for the part where s is close to si, and, unlike in the case A; = 3, 
we shall now be able to neglect the contribution of the terms where s is near 
S2- To achieve this we define, for j = 1, . . . ,k — 3, 

(6.11) aj{uj) = P'^"{si{uj))=aj{uj)+ -^^^ ( ^ ) ■ 

\<u<k-2-j ' k\ J 

or ly — k—j 

We further restrict consideration to co chosen in sets 
(6.12) 

Vk,ji6) = {ioG S'^-^ : _2^+ii?-2A < afc_2(w) < -2m~^/\ \ek - u;\ < 6, 

\a,y{uj)\ < 5|aA,._2(^)|^^"^^^,l < < A; - 3}. 

We shall see that if we choose uj from one of the sets Vk,j{S) with small 
6, and j not too large then the main contribution of the oscillatory integral 
comes from the part where \s — si{io)\ < si{oj)/2. We shall reduce to an 
application of Lemma |5.1l to derive a lower bound for that part. For the 
remaining parts we shall derive smaller upper bounds using van der Corput's 
lemma. 

For notational convenience we abbreviate 

b := -ak-2{^), ■.= au{uj), si := si(u;), tk:=tk{'^). 
We now split 

(6.13) e-^<-'^(*^(-)))F^(w) = Ir{u) + Er{u:), 

where 

Ir{^) = [ X{tk + s)xo(20^^)exp(i/?[Pfc(s) + s^+^£k+i{s,uj)])ds. 
J si 

Here xo is as in ()5.7() and thus the integrand is supported where |s — si| < 
si/40. 

Notice that P^!^ = siafc('^) and P^\s) = afc(w). Let 



fc-3 



{s-siY {s-si 



Qk-\\.s) = 2_^ay j hcfcsi 



,{fc-i) 



.=1 (^-1)' 
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then Pk{s) - Pk{si) = Qk-i{s) + ak{s - si)^/k\. 
Thus we can write 

with 

= x(tk + s)xo(10sr^('5 - si))exp(ii?s^+^£:fc+i(s,a;)). 
Note that by 1)5 .7(1 the function i] is supported where 20sj~"^|s — si| < 1/2, 
i.e. in [si — h,si + h] with h = si/40. Clearly ||7?||oo = 0(1), and since 
si ~ it is straightforward to check that 

(6.14) ||r?'|U + b-'/'\W\\i < (1 + b-'/' + Rb'/'), 
thus also 

(6.15) hlloo + llr/'lli <lif6<i2"2/('=+^). 
Moreover, if g{s) = k^^/si then we can write 

(s-si)'^ 



i?QA;_i(s) + ak- 
RttkS 



k\ 

k-3 



{k 

where \x^\ < ' \au\- The conditions \au\ < 5b^i^~^R ^-i imply that 



<6{Rb'/'r—. 

We of course have Ib||c2([-/i,h]) ^ on /* = [— si/10, si/10]; thus h = 
si/A0<W-\l + \\g\\c2)-\ ' 

Changing variables s = s — si puts us in the position to apply Lemma l5.ll 
for perturbations of the phase s i— > Xs''~', with A := R\ak\si = R\/2akb ^ 
Rb'/'^, and we have the bounds < C (if 5 < i^-VC^+i) and < (1 + 
Rb^l"^) for the parameters in Lemma l5. 11 We thus obtain (c/. ()5.2p l 

(6.16) \Ir{u) - ak-ix{si{oj)){RV^b)-''^''-'^ \ 

provided that b < <c 1. We wish to use this lower bound on the 

sets Vk,j{S). In order to efficiently apply (|6.16j) we shall choose j so that 

(6.17) Jl-ri+2/k < 2i < R-r2+2/k 

with Ti , T2 satisfying 

h^'^^'^kh- 

so that the main term in 1)6. 16|) dominates the error terms. 

We now need to bound from below the measure of the set Vkj{S). We 
use the coordinates ()6.4() on the sphere in a neighborhood of e^. In view of 
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the linear independence of 7", . . . ,7^'^"^) we can use the functions aj{^{y)), 
j £ {1, . . . ,k — 2}, cf. (|6.6|) . as a set of partial coordinates. 
We may also change coordinates 

with afc_2 = —b; here we use the shear structure of the (nonsmooth) change 
of variable Thus, as in Lemma 16.21 we obtain a lower bound for the 

spherical measure of Vk,j{S), namely 

A:-3 

i/=i 

, „ . 2- 2 ^ (fc-3)(fc-2) (fc-3)(fc-2) 

= c5'^'^2' 4(fe-i) R — 

after a little arithmetic. Thus 

(6.18) \Vk,M >c5^-22i9fc-i/(2fc-2)i?iA-('=-i)/2. 

Now if 5 is chosen small and then fixed, and R is chosen large then 1)6. 16() 
implies the lower bound 
(6.19) 

\Ir{u:)\ > C5(i?72i^^)-i/(^-i) = Q2-^'/(2fc-2)^-i/fc^ ^ ^ y^ ,^^-^^ 
provided that i?-^i+2/fc < 2^ < i?-^2+2/A:_ -y^g gj^j^^j ^^^^^ f^j, j > q 

(6.20) \ER{io)\ < R-yk^2-^/{k-2) ^ 2-3,7(2fc-6))^ ^ ^ y^^^.(^)^ 

and from and it follows that 

\Fr{u;)\ > Q2-^V(2fc-2)^-l/fe^ ^ ^ 

if i?-^i+2/'= < 2-'' < ii~^2+2/fe^ gy (j^^YH)) this implies for the same range a 
lower bound which is independent of j, 

|Fij(cj)|«'=-ida; > Qii — — = csR-^^-^K 

Vk,,{S) 

We sum in j, i?-^i+2/fc < 2^ < i?~"'2+2/'=; this yields, for large R, 

\FR{u;W''-'du;y^'"'~' > c'sR-^'^-'^/'^'-' {log R^''-' 

which is the desired bound. 

It remains to prove the upper bounds (|6.2()j) for the error term Er. It is 
given by 

ERicv) = e^^^'^W / x{tk + s){l - xo(20^^))e*^<^('^)ds 



where 



(s) = Pk{s) - Pk{0) + s'^+^Sk+iis). 
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We use a simple application of van der Corput's lemma. Write (p as 

^{s) = Qk-iis) + akis - sif/k\ + s^+^£k+i{s). 

and observe 

</.('=-2)(5) = ak{s - si){s + si)/2 + 0(s3), 

The integrand of the integral defining En is supported where |s— si| > si/80, 
and |s — si| < c for small c. We see that 

\<t>^^-^\s)\>c^h 

if in addition |s + si| > si/10. 

If |s + si| < si/10, this lower bound breaks down; however, we have then 

Now on Vfcj((5) we have the restriction 

where the last inequality is equivalent to the imposed condition b > R^^^^ 
(which holds when j > 2). Thus if 5 is small we have 10(^^-3) (s) I « 6^/2 if 
\s + fill < si/10. 

We now split the integral into three parts (using appropriate adapted cut- 
off functions), namely where (i) |s-|-si| < si/10, or (ii) s + si > si/10, or (iii) 
s + si < — si/10. For parts (ii) and (iii) we can use van der Corput's lemma 
with k — 2 derivatives and see that the corresponding integrals are bounded 
by C(i?6)-i/('=-2). Similarly for part (i), if /c > 4 we can use van der Corput's 

lemma with (k — 3) derivatives to see that the the corresponding integral is 
bounded by C(/?63/2)-i/(fc-3)^ Tj^g 

case k = A requires a slightly different 
argument (as we do not necessarily have adequate monotonicity properties 
on 4>'), however in the region (i) we now have (l)"{s) = 0(b), |</>'(s)| > 6^/^ 
and integrating by parts once gives the required bound 0{{Rb^^'^)^^) also 
in this case. 

Since 6ps i?-2/fc2j^ the upper bound (|H.2()jl follows. □ 
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